This work is concerned with the analytical solutions and moment analysis of a linear two-9 dimensional general rate model (2D-GRM) describing the transport of a solute through a 10 chromatographic column of cylindrical geometry. Analytical solutions are derived through 11 successive implementation of finite Hankel and Laplace transformations for two different 12 sets of boundary conditions. The process is further analyzed by deriving analytical tempo-13 ral moments from the Laplace domain solutions. Radial gradients are typically neglected 14 in liquid chromatography studies which are particularly important in the case of non-15 perfect injections. Several test problems of single-solute transport are considered. The 16 derived analytical results are validated against the numerical solutions of a high resolution 17 finite volume scheme. The derived analytical results can play an important role in further 18 development of liquid chromatography.
The mass balance equation for a single-solute percolating through a cylindrical column of 114 radius R filled with spherical particles of radius R p is given as
In the above equation, c is the concentration of a solute in the bulk phase of the fluid, c p 116 is the concentration of the solute in the pores of the particles, u is the interstitial velocity, 117 D z is the axial dispersion coefficient, and F is the phase ratio which is defined in term of 
where, q * p is local equilibrium concentration of the solute in the stationary phase, D p is the 124 pore diffusivity, ǫ p is the internal porosity, and D s is the surface diffusivity. In the current 125 case of diluted systems, the following linear isotherm is used: 126 q * p = ac p .
(3)
In the above equation, a denotes the Henry's coefficient. In order to simplify the notations 127 and reduce the number of variables, the following dimensionless variables are introduced:
Here, D eff = ǫ p D p + a(1 − ǫ p )D s . After using the above dimensionless variables, Eqs. (1) 129 and (2) take the forms
where 131 a * = ǫ p + a(1 − ǫ p ) .
The initial condition for Eq. (5), considering an initially regenerated column, is given as 132 C(ψ, x, τ = 0) = 0, 0 < x < 1, 0 ≤ ψ ≤ 1 .
The initial condition corresponding to Eq. (6) is given as 133 C p (r, ψ, x, τ = 0) = 0, 0 < x < 1, 0 ≤ r ≤ 1, 0 ≤ ψ ≤ 1 .
The Eq. (5) is subjected to the following boundary conditions (BCs) along the radial 134 coordinate of the column: 135 ∂C(ψ = 0, x, τ ) ∂ψ = 0 , ∂C(ψ = 1, x, τ ) ∂ψ = 0 .
These BCs describe the symmetry of the radial profile and the impermeability of the column 136 wall, respectively. Moreover, Eq. (6) is subjected to the following BCs: 137 ∂C p (r = 0, ψ, x, τ ) ∂r = 0 , ∂C p (r = 1, ψ, x, τ ) ∂r = Bi (C − C p | r=1 ) .
The second BC in Eq. (11) at r = 1 quantifies the temporal change of the average loading 138 of the particles and describes a connection between Eqs. (5) and (6). 139 Two different types of boundary conditions (BCs) are considered for Eq. (5) at the column 140 inlet and outlet. Moreover, the sample injection is either considered through an inner 141 cylindrical core or an outer annular ring.
142
Case 1: Rectangular concentration pulse injected as Dirichlet inlet BC:
143
The left BC for sample injection through inner cylindrical region is given as
while, the left BC for outer annular ring injection is described as
Here,
For injecting over the entire inlet cross-section of the column, eitherψ = 1 in Eq. (12) or 147ψ = 0 in Eq. (13).
148
At the right end of hypothetically infinite length column (x = ∞), the following outflow 149 Neumann BC is considered:
Case 2: Rectangular concentration pulse injected as Danckwerts inlet BC:
151
For the inner cylindrical zone injection the corresponding left BC is given as
while, for injection at outer annular ring, it is expressed as
The following zero Neumann BC is applied at the right end of a finite length column: 
where, λ n is the finite Hankel-transform parameter which is given in term of the transcen-165 dental equation as dJ 0 (λn) dψ = −J 1 (λ n ) = 0. Here, J 0 (.) and J 1 (.) are the zeroth and first 166 order Bessel functions of first kind, respectively. The inverse Hankel-transform is expressed
The Hankel transformation of Eq. (5) with respect to coordinate ψ gives
Here, C H (λ n , x, τ ) and C pH (λ n , x, τ ) are the zeroth-order finite Hankel transforms of C(ψ, x, τ ) 170 and C p (r, ψ, x, τ ), respectively.
171
The Laplace-transform is a widely used integral transform in mathematics and engineering. 
After applying the Laplace transformation on Eq. (21) with respect to τ and assuming 179 that the initial concentration is zero, we get 
After applying the Hankel and Laplace transformations on Eq. (24), we get
The general solution of the above equation is given as
where, α(s) = a * s η . Here, A and B are constants of integration which are determined 185 through boundary conditions in Eq. (11). Thus, we obtain
Therefore, the solution in Eq. (26) at r = 1, takes the form
.
After introducing Eq. (28) in Eq. (23), we get the following ordinary differential equation:
where
The solution of Eq. (29) is given as
where 191 m 1,2 = P e z 2
The positive sign (upper case) in Eq. (32) is selected for calculating m 1 and the negative 192 sign is used for calculating m 2 . The integration constants A 0 and B 0 have to be determined 193 from the given axial BCs as given below.
194
Case 1: Rectangular concentration pulse injection as Dirichlet inlet BC:
195
The Hankel-transform of Eqs. (12) (or (13)) and (15) are
For inner cylindrical core injection,
and for outer annular ring injection, it is given as
Using the Laplace-transform on BCs in Eqs. (33) and (34), we obtain
On using Eq. (37) in Eq. (31), we get
Therefore, the solution in Eq. (31) becomes:
where, m 2 is given by Eq. (32) for the lower minus sign. In the current scenario, no analyt- 
and
Here, F (λ n ) is given by Eq. (35) for inner cylindrical core injection and by Eq. (36) for 219 outer annular region injection.
220
Application of Laplace-transform on the above BCs gives
By using Eqs. (42) and (43) in Eq. (31), we get the values of A 0 and B 0 as
Thus, the solution in Eq. (31) becomes
Here, the value of m 1 and m 2 are given by Eq. The normalized i-th moment averaged over the radial coordinate (ψ) of the band profile 237 at any position in the column can be obtained through the following expression 
The with τ i and integrating over τ from 0 to ∞, we get
Further, the averaged non-normalized temporal moments M i,av are determined as
Lastly, the normalized averaged temporal moments, defined in Eq. (47) and frequently 249 used in chemical engineering [2], are given as
The above temporal moments µ i,av up to fourth order are obtained to interpret the behavior 251 of a solute moving through the column. The first three central moments can be obtained
The corresponding numerical i-th moment of the band profile at the outlet of the column
where, µ 0,av for x = 1 is given by Eq. ments or correlations for these numbers available. To capture the order of magnitude, we 273 evaluated the following ratio of the two Peclet numbers based on their definitions in Eq.
274
(4)
Two trends that can be used to estimate this ratio: (a) columns have typically much larger Table   288 1.
289 Figure 2 shows the plots of concentration profiles for inner zone injection. For the con- exactly the same as given in Table 1 First moment: The first moment is expressed as
Second moment: The second temporal moment is given as
Third moment: The third temporal moment is obtained as
Fourth moment: The fourth temporal moment is given as where, w ia given by Eq. (55). Let us define
, β 2 = e −P ez (w−1) 2 , β 3 = 4(w + 1) + P e z (w + 1) 2 ,
First Moment: The first moment for i = 1 is given as
Second Moment: The Second moment is expressed as
a * 2 F (Bi + 5) + (1 + a * F ) 2 w 2 − 8(1 + a * F ) 2 (β 6 β 2 + β 5 β 1 ) P e z w 2 β 7 + 8(1 + a * F ) 2 (β 6 β 2 − β 5 β 1 ) P e 2 z w 3 β 7 + 4 P e z w 2 a * 2 F (Bi + 5) 15Biη − (1 + a * F ) 2 P e z w 2 + 8a * 2 F (Bi + 5)(β 5 β 1 − β 6 β 2 ) 15P e z wBiηβ 7 µ 0,H . (A-9)
Let us define
a * 2 F, β 15 = a * 2 F (β 5 β 1 − β 6 β 2 ) 5P e z wBiηβ 7 ,
(A-10)
Third Moment: The third moment is given as
6(1 + a * F ) P e z w β 8 + 3(1 + a * F )β 10 + (Bi + 5)β 14 + 4(Bi + 5)β 15 + 4β 9 + 3β 2 [5] Javeed, S., Qamar, S., Ashraf, W., Seidel-Morgenstern, A., Warnecke, G., 2013. Anal- 
